INTRODUCTION
Predicting the appearance of a light from knowledge of its radiometric properties has been a problem for visual science. The quantity of a light is generally specified in terms of its luminance:
where L is luminance, kM is a constant, Pe\ is the radiant flux distribution, and Vx is the spectral luminous efficiency of the standard observer.' Discrepancies between VA and the results of measurements of the spectral sensitivity of observers led Judd to propose a revised VA. 2 There are several psychophysical procedures that yield spectral sensitivities approximating Judd's revised Vx (Refs. 3 and 4) for color-normal observers. These include heterochromatic flicker photometry (HFP) and the minimally distinct border criterion (MDB). These techniques can be used to equate spectral lights in luminance. Sensitivities determined by these techniques are also similar to luminance in that they obey the additive property of Eq. (1) and may be used for computation of the luminance of a broadband light, or a mixture of lights, based on the luminance of the individual spectral components.
Other psychophysical techniques yield spectral sensitivities that differ significantly from Judd's Vx. Lights that are matched by HFP but differ in chromaticity may not be equally bright. 3 -9 The discrepancy between brightness matches and HFP matches for spectral lights can be expressed by the brightness-to-flicker (B:F) ratio. A major practical goal for photometry has been to develop an accurate, easily calculated metric for brightness or B:F ratio. Achievement of this goal has been hampered by the noriadditivity of brightnesses. It is difficult to predict the brightness of a mixture of different spectral lights. For instance, if two equally bright lights, one red and the other green, are halved in radiance and mixed, the resulting, brightness is less than the brightness of either of the original red or green lights. In some cases this cancellation of brightness can be greater than 100%.1o Similarly, the brightness of mixtures of white and spectral lights may not be additive. 11 ' 12 For instance, mixtures of reds and whites are less bright than expected by additivity; they are subadditive. 1 3 Mixtures of violets and white are brighter than expected; they are superadditive.
Although data relating brightness matches to HFP or MDB matches are available for spectral lights, there is less information concerning nonspectral lights of varying chromaticity. In many previous studies of the brightness of lights that varied in chromaticity, brightness was compared with VX, 14 the spectral luminous efficiency of the standard observer. Since spectral luminous efficiehcy, even when measured by HFP or the MDB, may differ significantly among individual observers, 15 the B:F ratio should be determined for each individual. The use of an individual's own flicker match allows differences in preretinal filtering to be factored out. In addition, the effect of changes in colorometric purity without concomitant changes in dominant wavelength or luminance may be investigated.
In this paper we report a new data base relating brightness matches to heterochromatic flicker photometric matches throughout chromaticity space. Equiluminant lights were determined for each observer by flicker photometry; each observer then made brightness matches between a standard white and the set of equiluminant chromatic lights.
METHODS

Apparatus
We used a four-channel, computer-controlled, Maxwellianview optical apparatus with a single light source (450-W xenon arc; Canrad-Hanovia). (See Fig. 1 .) Channel 1, the monochromator channel, provided light that was adjustable in spectral composition. Light from the arc lamp was passed through a dichroic heat filter (HF) and then imaged at the entrance slit of a monochromator (500 mm, Bausch & Lomb). The numerical aperture of the optics was matched to the monochromator to minimize stray light. Light from the exit slit was collimated, passed through blocking filters (BF's), and reimaged at an Inconel neutral-density wedge (WI). A speaker cone shutter (SH) was placed adjacent to this plane. Light from the source image then illuminated a lightly frosted glass diffuser (D), which served as a secondary source and produced uniform fields. Channels 2, 3, and 4 provided white lights. Light from the xenon arc was collimated, then passed through a water bath. The channels then separated and passed through individual wedges, shutters, and diffusers. Light from the diffusers in Channel 1 was collimated and combined with light from Channel 2, the desaturant-channel, at a glass beam splitter (BS). A bipartite field was formed by a totally internally reflecting right-angle prism (P). The edge of the prism was beveled, forming a thin (12-min) dark line between the fields. 16 The right side of the field was illuminated by spectral light from Channel, 1 and white. light from Channel 2, and the left side by white light from Channel 3, the matching channel. Channel 4, the adapting channel, provided a uniform 8-deg white field. The bipartite field and white light from Channel 4 converged on the final common path at a glass beam splitter and were brought to a focus at a 0.8-mm exit pupil (EP). An achromatizing lens (AL) was located at the exit pupil. Neutral-density wedges in Channels 1, 2, and 3 as well as the position of the monochromator grating were controlled by dc motor servo systems. These systems could be controlled either by a potentiometer or by analog feedback from an 8080-A-based microcomputer. Shutters in all channels were controlled either by an observer-controlled oscillator or by a computer.
Calibration
Theluminance of the Channel 2 white was estimated by a brightness match to a chromatically similar white-light comparison field of an SEI photometer. Calibration of the SEI photometer was referenced to a standard lamp (Hoffman Engineering, traceable to a National Bureau of Standards standard lamp). Inconel neutral-density wedges were calibrated for relative density at the exit pupil by means of a photomultiplier tube (RCA 1P28) and a microammeter (Farrand) operated within their linear ranges. The calibrations were stored on a disk by the computer. The accuracy of the neutral-density-wedge calibrations was verified in two ways. In the first, an observer matched Channel 3 to various mixtures of Channels 1 and 2, which were set by computer. All three channels were filtered to approximately the same chromaticity, and the computer selected proportions such that the sum of the luminances of Channels 1 and 2 would remain constant. The observer (SB) made a total of ten matches at each of nine mixture settings. If the calibration was accurate and the initial amounts of the two components were equal, then the match setting should be a constant for all mixture settings. The second method was similar except that a photocell was used with dissimilar wavelengths in Channels 1 and 2. Both methods gave linear, constant results to within 0.03 log unit.
The monochromator was calibrated by illuminating a diffuser at the exit pupil of the optical system with light from a spectral line source (Cd or Na). We measured the light emerging from the entrance slit of the monochromator in a plane conjugate to the field stop of the optical system. Approximately 130 measurements were made between 380 and 690 nm, with measurements clustered in the regions of the spectral lines. For all wavelengths, stray light was, reduced at least 3 log units within 10 nm from the peak. Farther from the peak, stray light was reduced at least another 1.5 log units. During the experiment, stray light was further attenuated by the use of appropriate blocking filters for measurements at wavelengths shorter than 490 or longer than 600 nm. Absolute-wavelength values across the spectrum were within 0.5 nm; measured bandwidths at half-height were 6' nm. All calibrations were performed both before and after collection of data.
Spectral distributions of broadband stimuli were calibrated with a laboratory-built spectroradiometer. The sensitivity of the 'radiometer was referenced to the standard lamp. An independent calibration of the chromaticity coordinates of the white was obtained by color matching. Observer SB made two color matches, using a mixture of a fixed-and a variable-,wavelength primary. For each match the observer adjusted the wavelength of the variable primary as well as the ratio of the two primaries until a match to the broadband stimulus was made. The chromaticity of the broadband stimulus must lie on a line connecting the two primaries used in each match. The intersection of the two lines in the chromaticity diagram'gives the chromaticity coordinates. Chromaticity coordinates obtained in this manner agreed well with results obtained by spectroradiometry.
Stimuli
Mixtures of white with nine spectral axed two nonspectral lights were examined at 20 td. We tested nine colorimetric purities (0, 0.05, 0.1, 0.2, 0.4, 0.6, 0.8, 0.9, 1) at each dominant wavelength (410,440,470,500,530,560,590,610, and 680 nm), as well as two nonspectral lights (A and, B), for a total of 89 different chromaticities. Colorimetric purity was computed as the luminance of Channel 1 divided by the total luminance of Channels 1 and 2. Broadband stimuli were produced by setting the monochromator to the zero order and inserting filters in Channel 1. Figure 2 shows the relative spectral distributions of the broadband stimuli A and B and the standard white. The chromaticity coordinates in the 2-deg Judd 2 revised CIE diagram were as follows: for A, the reddish-purple were x = 0.536, y = 0.234; and for B, the bluishpurple were x = 0.256, y = 0.154. Chromaticity coordinates for Channels 2, 3, and 4 were x = 0.326, y = 0.394.
Observers
Three of the authors were observers. All had normal color vision as defined by the Nagel anomaloscope and the Farnsworth-Munsell 100-hue test. All three had normal corrected acuity. AE wore her correction as contact lenses; SB used appropriate trial lenses placed at the exit pupil of the visual stimulator; VS was emmetropic. Observers SB and AE used a dental impression to maintain head position; observer VS used a chin-and-forehead rest.
Procedure
Pilot data indicated that significant systematic errors were introduced by chromatic adaptation. We found that, if stimuli of low colorimetric purity were presented following high-purity stimuli, chromatic adaptation caused a shift in the hue of the low-purity stimuli. Accompanying the hue shift was a brightness shift. As a result, the white stimuli could appear brighter than low-purity stimuli because of the shift of the achromatic point. A similar effect for simultaneous color induction has been reported by Kerr.' 7 A number of precautions were taken to minimize this effect. First, after each trial the 2-deg test field was replaced with a 20-td, 8-deg white-adapting field, presented for 12 sec. 18 Second, in each session the stimuli were divided into two blocks. The first block contained 45 low-purity trials: colorimetric purities from 0 to 0.4 with 10 trials each at purities of 0, 0.05, 0.1, and 0.2 and 5 trials at 0.4. The second block contained 45 highpurity trials: colorimetric purities from 0.4 to 1, with 5 trials at a purity of 0.4 and 10 trials each at purities of 0.6, 0.8, 0.9, and 1.0. Stimulus presentation was randomized within blocks. Third, all stimuli, except for the matching white, were equal in luminance. Although chromatic adaptation was reduced, these precautions probably did not totally eliminate successive adaptation, since subjects still reported that during the white-to-white matches the two hemifields did not always appear identical in color. However, the effect of any residual chromatic adaptation on brightness matches was small. 19 At the start of each session the observers aligned themselves with the optical axis of the apparatus. Next, a metameric match was made between Channels 2 and 3. Channel 3 was then extinguished, and Channel 1 was matched to Channel 2 by using HFP. While Channels 1 and 2 were alternating, but before the first match, observers made minor adjustments of head position to bring Channels 1 and 2 into perfect regis-
tration. Three flicker matches were made between Channels 1 and 2 and stored in the computer. The observer was allowed to adjust the flicker rate to obtain fusion at the match point.'
The computer then calculated the necessary settings of the Channel 1 and Channel 2 wedges for each purity condition, using the stored wedge calibrations and the average flicker match. On each trial the observer adjusted the radiance of the white hemifield (Channel 3) to match the variable-chromaticity hemifield (the mixtures of Channels 1 and 2) in brightness. When a satisfactory match had been achieved (usually within 10 sec), the subject pressed a key. The test fields were extinguished and the 8-deg white-adaptating field turned on for 12 sec. All settings were stored on-line. Observer SB and AE performed two runs for each condition. Observer VS performed one run per condition except at wavelengths of 410, 470, 610, and 680 nm, where she performed two runs, and at 440 nm, for which she performed four. The B:F ratio was computed as the ratio of the Channel 3 luminance required to match a chromatic light to the luminance required to match an equiluminant, metameric, white light. Observers AE and SB participated in two supplementary sets of experiments. In the first the standard white was matched to each of nine spectral lights (from 520 to 600 nm in 10-nm steps). During an initial session the observers matched each of the spectral lights to a 20-td standard by HFP. Wedge settings were obtained as before. Stimulus presentation and timing were identical with those of the main experiment except that stimuli were randomized for wavelength and all stimuli were included in a single block. The observers matched the Channel 3 white to each of the spectral stimuli. In the second condition the B:F ratio of purples was examined. Again conditions were identical with those of the main experiment with the exception that test stimuli were mixtures of two spectral stimuli (either 460 and 650 nm or 470 and 590 nm). All stimuli were presented in a single block, and stimuli were randomized by mixture proportion. Either one or two runs were performed for these supplementary conditions.
RESULTS
Our data, consistent with the results of others, 3 ,6 9 "11"' 4 showed that more-saturated lights were brighter than less-saturated lights and that lights at the spectral extremes were brighter than midspectral lights. The relation between colorimetric purity and brightness was not linear, nor was the variation in brightness a simple function of wavelength.
The B:F ratio was plotted as a function of the proportion of spectral or purple light in the stimulus (Figs. 3-6 ). Error bars representing ±2 standard errors of the mean were calculated from pooled estimates of the standard deviation. Plotting the results against colorimetric purity, or proportion of spectral light, mirrors our experimental procedure and also produces straight lines for additivity predictions. Since all stimuli were of equal luminance, and we defined the B:F ratio for white as 1.0, B:F ratios greater than 1.0 were due to the chromatic content of the light. The dashed line on each plot represents a hypothetical additive relation for the combination of the brightnesses of the white and the most-saturated stimulus. Data points above this line represent stimuli that were brighter than expected from a linear combination of the brightnesses of the white and the most-saturated stimulus, 3-6 reveal that, although some midspectral stimuli may have been additive when mixed with white, others were not. For red lights, the brightnesses of mixtures of white and spectral lights were subadditive. For blue lights, superadditivity was found at low purities, and sometimes subadditivity was found at high purities. Transitions between these types of functions were evident for green and for purple lights. Figure 7 shows constant-brightness contours plotted in the Judd revised chromaticity diagram. 2 To plot such contours a criterion B:F ratio was chosen. By using the data in Figs.  3-6 , the purity level that produced the criterion B:F ratio was determined by interpolation. Chromaticity coordinates were calculated for this purity, and the resulting point was plotted; points were connected by straight lines. For observers AE and SB, not only the data from Figs. 3-6 but also data from the two supplementary experiments were used. Observer SB had the lowest B:F ratios; his contours represent increments i.e., they were superadditive; those below this line represent stimuli that were dimmer than expected from a linear combination of the brightnesses of the white and the most-saturated stimulus, i.e., they were subadditive. The data in Figs. Geometric means prevented the results of any one observer from being preponderant. An important feature of these contours was the high degree of curvature in the red region of the chromaticity diagram. Our data indicate that the constant-brightness lines were nearly parallel to the spectral locus for this region. Another important feature in this figure is the similarity of the loci for all observers, despite the large individual differences in B:F ratios. Additionally, the sampling interval obtained from the main experiment was adequate to characterize the major features of the data. That is, the extra conditions run by observers AE and SB had a relatively minor effect on the B:F-ratio contours.
DISCUSSION
The data showed strong systematic trends, although there were quantitative differences among observers. For red lights, the B:F ratio was an accelerating function of colorimetric purity, i.e., mixtures of red and white were subadditive, in agreement with previous reports. For midspectral lights, the B:F ratios in Fig. 4 showed only a slight subadditivity.
Mixtures of midspectral and white lights have been reported to be additive 9 or subadditive. 1 1 The results for the blues were superadditive for low purities and often subadditive for high purities (a similar pattern of superadditivity and subadditivity for mixtures of a pair of lights has been reported previously 9 ).
It is of note that, for a given dominant wavelength, desaturated lights were never judged brighter than spectral lights of the same luminance. This result is in apparent disagreement with data obtained when a similar experiment was performed at constant brightness."' 2 1 In the constantbrightness paradigm, if equal-brightness blues and whites are mixed proportionately, the resultant light must be dimmed to match the originals in brightness. However, the luminance of the mixture differs from luminances of either of the original lights. If these differences are taken into account, our results predict results of the constant-brightness paradigm. Constant B:F-ratio contours of all three observers were similar in shape (Fig. 7) . The constant B:F-ratio contours were curved in the red region of the chromaticity diagram. That is, desaturating a spectral red resulted in a large decrease in brightness. Another feature of the contours of Fig. 7 was the rather low brightness observed at 410 nm compared with the brightness for 440 nm. A similar result was found by Wagner and Boynton, 3 who, using spectral stimuli, found the B:F ratio at 400 nm to be about one half that at 440 nm. (See Fig. 3.) THEORETICAL CONSIDERATIONS Modern color-opponent theory has been extended to explain many of the differences between brightness and luminance. - 25 Color-opponent models postulate two chromatic channels and one achromatic channel. The achromatic channel sums input from two or more classes of receptors. Figure 8 shows examples of three models of brightness using achromatic and chromatic channels. In the first class of model (top panel), brightness is the sum of the output of achromatic and chromatic channels. The predicted brightness of such a model is a linear combination of the brightness of the most-saturated (spectral) and least-saturated (white) lights. In the second class of model (middle panel), channel outputs are assumed to grow with an exponent less than 1 and are then summed. The second type of model is similar to one proposed by Breton. 26 In his model, brightness is a saturating function of the combined activity of the chromatic channels. This type of model successfully predicts the superadditivity of mixtures of saturated and desaturated lights but does not predict the subadditivity observed at long wavelengths. In the third type of model (bottom panel) brightness is computed as a vector sum of the three channels 2 7 ; subadditivity is produced by the vector nature of the addition and occurs between all channels. The third model is similar to the color-opponent model of Guth. 23 Guth deined two types of luminance. The first, photometric luminance, arises from activity in the achromatic channel. The second kind of luminance, vector luminance (parallel to our term, brightness), arises as a vector combination of activity in all visual channels. Thus brightness can be subadditive because of the direct cancellation within opponent channels. In addition, there is subadditivity across opponent channels because brightness is a vector, not a linear, sum of channel outputs. This and similar models 11 ' 25 do well in describing the variation in B:F ratio for many chromaticities. However, these models are unable to predict the measured superadditivity found for mixtures of violets and whites.
In terms of the general models shown in Fig. 8 , we can distinguish three regions of chromaticity. For dominant wavelengths in the midspectral region, the data cannot be distinguished from predictions of any of the models of brightness generation. For the long-wavelength region, the data are consistent with the vector models. 28 The short wavelengths follow none of these patterns. The data of our observers show an inflection at intermediate calorimetric purities. The qualitative nature of this discrepancy rules out any one of the models as a candidate for brightness generation. Either the initial assumptions of channel linearity are wrong or the combination rule is more complex. The present data place powerful constraints on the class of acceptable models of brightness generation.
the mixture light varies. The important factor in obtaining this effect is that the original lights are matched for brightness. As a consequence they are not at equal luminance. It is the increased luminance of the mixture relative to the violet that accounts for the higher brightness of the mixture. For instance, by assuming that Weber's law holds for our conditions, we can predict the constant-brightness result from our data. 23. S. L. Guth, N. V. Donley, and R. T. Marrocco, "On luminance additivity and related topics," Vision Res. 9, 537-575 (1969). 24. P. K. Kaiser, "Luminance and brightness," Appl. Opt. 10, 2768-2770 (1971 19, 207 (1979) . 27. It can be shown that functions similar in shape to that of bottom panel of Fig. 8 will be obtained for models of this general form with higher powers. As the exponent is increased, the resulting prediction approaches the envelope of the underlying channel outputs. 28. For large B:F ratios, a vector or any other model of the form (Zain)'/n will produce a straight-line asymptote (given the original assumptions). Although a vector model produces a qualitatively good fit, portions of the data in Fig. 5 are better described as accelerating functions of colorimetric purity, contradicting vector summation.
